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Abstract
Along with the increasing number of vehicles, parking space becomes narrow gradually, safety parking puts forward
higher requirements on the driver’s driving technology. How to safely, quickly and accurately park the vehiclo to parking
space right? This paper presents an automatic parking scheme based on trajectory planning, which analyzing the
mechanical model of the vehicle, establishing vehicle steering model and parking model, coming to the conclusion that it is
the turning radius is independent of the vehicle speed at low speed. The Matlab simulation environment verifies the
correctness and effectiveness of the proposed algorithm for parking. A class of the automatic parking problem of intelligent
vehicles is solved.
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1

Introduction 

With the development of industrial automation, the
number of cars is increasing, parking space is more and
more nervous, and parking is a specific problem. Therefore,
people put forward higher requirements for convenient
operation for a vehicle, hope the vehicle can automatically
drive parking [1–2]. City parking spaces are divided into
three kinds, which as shown in Fig. 1.

(b) Parallel parking

(c) Inclined parking
Fig. 1 Parking space
(a) Vertical parking
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Automatic parking system can solve the above problems,
it uses sensor technology, computer technology and
automatic control technology to accurately perceive the
parking environment, at the same time to plan an optimal
and feasible parking path, and then control the vehicle to
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accomplish trajectory tracking, and then parking the
vehicle in parking spaces accurately and safely.
The research and development of automatic parking
system are early at abroad, the domestic is still in the
initial stage. The technical scheme of the automatic
parking driving system is complex, high cost, it is widely
used in high-end models [3–4]. The research of automatic
parking algorithm is a path planning method, the other is
the control algorithm based on the experience. The path
planning method is planning a suitable geometric parking
path, and then consider the dynamics and kinematics
model of environmental constraints, adjust geometric
parameters of the parking path then generate parking
trajectory. The algorithm relies on the sensing accuracy of
the surrounding environment and the control precision of
the controller [5–6].
Lyon [7] proposed a method of fitting a 5 polynomial
curve through environmental constraints to complete the
guidance of the car’s parking trajectory. Kanayama et al. [8]
used the sensor as the environment perception obtained the
parking environment and the position information of the
vehicle, generated a feasible parking trajectory which
conforms to the environmental restriction. Hsieh et al. [9]
proposed the automatic parking in the limit space, which
includes two aspects of the control of speed and steering
angle. Chen et al. [10] designed a hierarchical adaptive
method for the automatic parking by the multi-loop control
algorithm accomplish trajectory tracking control. The high
accuracy laser radar scans the environment to obtain the
parking positioning, speed sensor obtains the position of
the vehicle, and the hierarchical adaptive method computes
three stages parking path.
The control algorithm bases on the experience by fuzzy
control or artificial intelligence methods such as neural
network learn the driver’s parking experience, simulates
human driving behavior, accomplish to real-time automatic
parking. Gómez-Bravo et al. [11] proposed the fuzzy
control method to achieve parallel parking, designed the
fuzzy controller for the limited environment of this special
scene. Li et al. [12] used an evolutionary algorithm to
design the fuzzy controller to realize automatic parking,
complete automatic parking. Paromtchik et al. [13]
proposed the nonlinear feedforward feedback and linear
feedback automatic parking method combined with
artificial neural network technology, analyzed the stability
of the automatic parking controller and optimize of the
parking path. Wang et al. used neural network to
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accomplish automatic parking control, and used fuzzy
self-organizing neural network combined with the online
learning algorithm to accomplish the network parameters
optimized into reduce control error, improved the accuracy
of real-time control [14–15].
In this paper, we mainly concentrate on vertical parking
problems. A novel autonomous parking control algorithm
is proposed. We use a circular arc to design a reference
path which is easy for a vehicle to follow and also
computationally efficient. In the simulation, this algorithm
is efficient with different initial positions. Actually, we are
going to make it implemented in intelligent vehicles in
future work. Therefore, we considered this algorithm some
restrictions that a vehicle may have such as mechanical
restrictions, sensor type restrictions, and etc.

2

Parking control algorithm

2.1 Kinematic model
As shown in Fig. 2, it is the Ackerman steering model
for the vehicle. (x, y) represent the coordinates of the
center point of the vehicle rear axle, θ represents the yaw
angle of vehicle.

Fig. 2

Ackerman vehicle model

As shown in Fig. 2, R is the turning radius of the vehicle.
l is wheelbase, w is the track,  and  are the left and
right wheel steering angle. The equations of motion for
this model can be written as
w
cot β  cot  
(1)
l
w
(2)
cot θ  cot  
2l
w
cot   cot  
(3)
2l
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cot   cot 
2

(4)

l
( 5)
tan 
where θ is the front wheel steering angle of vehicle, the
point O is the turning center of vehicle, v is the speed of
the vehicle, the direction of the tangent direction of vehicle
turning, (xf, yf) and (xr, yr) are the front and rear axle center
coordinates of vehicle respectively. (xlr, ylr) is the left rear
wheel coordinates, (xrr , yrr) is the coordinates of the right
rear wheel. The vehicle does not occur sideslip
phenomenon in the process of parking, the constraint
equation of the rear wheel can be written as
(6)
yr cos   xr sin   0
R

The front axle center and rear axle position constraint
can be written as
xf  xr  l cos  
(7)

yf  yr  l sin  
The derivation of Eq. (7), the center point of the front
axle speed can be written as
xf  xr   l sin  
(8)

yf  yr   l cos  
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2.2 Calculate the parking point
The target of automatic parking is parked the vehicle
into the designated parking spaces, the center point of
parking entrance represent end of the parking, the
coordinate of P represents in the geodetic coordinate
system, when the parking point is certain, parking
algorithm will calculate a circular arc makes the starting
point and end point in the parking arc. And then the
parking controller control the front wheel steering angle
following the planned trajectory so that the vehicle can
quickly and safely reach the designated parking. When the
vehicle reaches the parking, the direction of the vehicle is
parallel to the parking space, the parking controller will
switch the driving mode from the circular arc to a straight
line, the vehicle will stop in the middle of the parking
space. The parking trajectory as shown in Fig. 3, the y axis
of the coordinate is the forward direction of the vehicle,
the carrier coordinate is moving with the vehicle, parking
point is a dynamic point in the carrier coordinates, which
changes with the vehicle.

Combining the Eqs. (6)–(8), simultaneous solution can
be written as
(9 )
xf sin   yf cos   l   0
The decomposed velocity of front wheel center point
can be written as
xf  v cos(   ) 
(10)

yf  v sin(   ) 
Substituting Eq. (5) into Eq. (4) and then obtains yaw
rate can be written as
sin 

   v

l
(11)

sin 
cos  
dt  v
  v
l
l 
The rear axle center point speed can be written as
xr  v cos  cos  
(12)

yr  v sin  cos  



Integral Eqs. (5) and (12), then obtains trajectory
equation of the center of the rear wheel
( xr  l sin  cos  ) 2  ( yr  l cos  cos  ) 2  (l cot  ) 2 (13)
As can be seen from the Eq. (13), when the Ackerman
steering model, the trajectory of the vehicle is composed of
a number of circular arcs curve.

Fig. 3

Parking trajectory planning

In each control cycle, the coordinate position of the
parking spot is calculated in real time according to the
current position and direction of the car, and the position
of the parking spot can be written
x p  x p2
(14)
xP  1
2
y p  y p2
(15)
yP  1
2
where ( x p1 , y p1 ) is the coordinate of p1, ( x p2 , y p2 ) is the
coordinate of p2, and ( xP , yP ) is the coordinate of P.
As shown in Fig. 3, the four points of p1, p2, p3 and p4
are vertex of vertices parking spaces, C is the center of
circular trajectory planning. ll and lw are the length and
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width of the vehicle, pL and pw are the long and wide
parking spaces, and the point P is the end parking point.
2.3

Parking control algorithm

The process of automatic parking algorithm as shown in
Fig. 4, the vehicle is the parking state, it gets the target
parking and vehicle coordinate information by the sensors
information, using an arc to connect the two points, and
calculated the radius of R and C.

  arctan

yc
0
xc

2017

(16)

By adjusting the desired tracking angle , in order to
reduce the wear of the tire and the tracking error, reduce
the overshoot of the trajectory tracking, design the
increment proportional integral derivative (PID) controller,
in order to reduce the overshoot, the integral separation
and integral limiting method are used for the integral, the
incomplete differential method is used for the differential.
The increment PID controller can be written as
k 1


T
T
u (k  1)  K P  e(k  1) 
e(i)  D (e(k  1)  e(k  2)) 


TI i 0
T


(17)
where K P is proportional coefficient, u () is the control
variable, T is the sampling cycle, TI is the integral time
constant, TD is the differential time constant, e() is the



error between the previous cycle and the next cycle.
The relationship between the former control cycle and
the next control cycle can be written as
(18)
u (k )  u (k  1)  u (k )
Control increment can be written as
T

u (k )  K P  (e(k )  e(k  1))  e(k ) 
T
I


Fig. 4 Automatic parking algorithm flow chart

Comparing the turning radius to Rmin, when R > Rmin ,
then go into parking. When R ≤ Rmin, the parking radius
is too small, the vehicle cannot adjust the steering wheel to
achieve parking trajectory tracking. The vehicle must be
driving the forward or backward in a distance, then get the
target parking and vehicle coordinate information by the
sensors information, using an arc to connect the two points,
and calculated the radius of R and the coordinate of C
again. If it tries several times cannot find a suitable
parking trajectory, then stop the automatic parking. When
the track radius is less than Rmin of the arc or the
combination of straight line, the vehicle cannot be done by
turning in the same place to complete the parking task. As
shown in Fig. 3, the y axis of vehicle is tangent to the arc
trajectory in the parking trajectory and is parking trajectory
tracking object, it is the center of C and x axis, it can be
written as

TD

(19)
(e(k )  2e(k  1)  e(k  2)) 
T

When the time constant of the system and the deviation
is larger, it will have a greater integral value. When the
integral value is too large, it will make the controller
output saturation. When the deviation is eliminated, the
output of the controller is still in a saturated state due to
the larger integral value. When it has the control output,
this will produce a large overshoot. When the deviation is
large, the control of the integral action is separated. When
the deviation is small, and the integral action is added. As
shown in Eq. (20).
 
1 t
de(t ) 
 K P  e(t )  T  0 e(t )dt  TD dt  ; e(k ) ≤
 

I
(20)
u (k )  
d
e
(
t
)


 K e(t )  T
 ; e ( k ) ≥
D
 P 
dt 
where  is an integral separate threshold.
When the deviation is greater than  , it removes the
integral step, the system adopts proportional derivative
(PD) control. When the system deviation is less than  , it
adds the integral step, the system use the PID control at
this time. The integral separation control method can
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reduce the overshoot of the system and reduce the static
error of the system.
The differential is adding a first-order inertia link before
in the front of the differential link, generating incomplete
differentiation, as shown in Fig. 5. In Fig. 5, Tf is time
coefficient of complex variable, s is the complex variable.
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When vehicle tracks parking trajectory tracking
completely, the y axis of the vehicle is along the tangent
direction of a circular arc. The y axis of the vehicle is
tangent tracking arc that can keep tracking the trajectory
planning arc. The y axis of the vehicle and the tangent
angle can be written as
 x 
(24)
δtarget  arctan   c 
 yc 
where the y axis of expectations and the tangent angle is
δtarget, and δtarget = 0.
3.2

Fig. 5

3
3.1

System of incomplete differential PID

Simulations and results
Parking trajectory planning

Construct simulation environment in Matlab and
Simulink, call the interface function in Simulink
simulation environment to obtain the information of
parking spaces and the location information of the
intelligent vehicle.
The end of the parking is certain, then call the function
of IVehicle.Point_F to obtain the available parking spaces
location. IVehicle.Point_F defines a coordinate array of
available parking space.
Parking trajectory center is certain, then call the
function of state_estimate.unpack(  ) to obtain the
autonomous vehicle of position. Use the end parking point
and tangent line in the parking, parking trajectory radius R
can be written as
R2

( x A  xP ) 2  ( y A  y P ) 2
x A  xP

(21)

where the coordinate of ( x A , y A ) is the position of the
intelligent vehicle.
The intelligent vehicle drive into parking space from left,
parking trajectory center coordinates can be written as
xc  xP  R 
(22)

yc  yP

The intelligent vehicle drive into parking space from right,
parking trajectory center coordinates can be written as
xc  xP  R 
(23)

yc  yP


Simulation results and analysis

Fig. 6 is the step response experiment data of the
intelligent vehicle steering system. A unit step signal is
applied to the steering control system when the intelligent
vehicle drives in a straight line. The steering signal data of
the intelligent vehicle is recorded, and the curve is shown
in Fig. 6. In Fig. 6, the overshoot of the system is 8%, the
rise time is 0.3 s, the peak time is 0.41 s, the adjusting time
is 0.45 s.

Fig. 6

Step response curve of steering control

As shown in Fig. 7, the intelligent vehicle finds a
suitable parking space, the trajectory planning algorithm
complete the intelligent vehicle automatic parking. In
Fig. 7, the blue box represents the intelligent vehicle, the
green box represents the end parking location of the
intelligent vehicle. The letter P1, P and C represents the
starting point, the end point and the center point of the
parking trajectory respectively. The red circular arc curve
is the expectation parking trajectory obtained by the
parking trajectory planning algorithm. In Fig. 7, the
intelligent vehicle can be track the planning of the parking
trajectory completely, and complete automatic parking.
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Intelligent vehicle parking simulation experiment

Fig. 8 shows that the radius of parking is less than the
minimum turning radius of the intelligent vehicle, intelligent
vehicle straight away from a distance, then calculate the
parking trajectory again, until the appropriate parking
trajectory can be found and complete automatic parking.

Fig. 8 Search parking spaces and complete the automatic
parking process
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Conclusions

The automatic parking system is a very complicated
system, which involves image processing, pattern
recognition, motion control technology, and so on.
Automatic parking also has broad market demands and
prospects, therefore, the realization of automatic parking
on the real vehicle is an important direction for the future
research and development. Automatic parking control
algorithm is proposed in this paper, The Matlab and
Simulink simulation environment verify the correctness
and effectiveness of the proposed algorithm for parking.
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